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Lie algebra sl,

The Lie algebra s,

For n > 1, sl, is the complex Lie algebra generated by elements e, f;, h;
for i=1,...,n— 1 subject to the Chevalley-Serre relations:

[hi, hjl = O, [hi, e] = ajjej,  [hi, fi] = —ayf;, [ei, fi] = 0jhi,
(adei)l_aij(ej) =0, (adfi)l_aij(ﬂ) =0, fori#},

where aj; are components of the A,-type Cartan matrix.
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Lie algebra sl,

The Lie algebra sl,

For n > 1, sl, is the complex Lie algebra generated by elements e, f;, h;
for i=1,...,n— 1 subject to the Chevalley-Serre relations:

[hi, hjl = O, [hi, e] = ajjej,  [hi, fi] = —ayf;, [ei, fi] = 0jhi,
(adei)l_aij(ej) =0, (adfi)l_aij(ﬂ) =0, fori#},

where aj; are components of the A,-type Cartan matrix.

o Cartan-Weyl basis: A basis of root vectors for sl,, {Ej | 1 <i,j < n}
defined iteratively by

hi = Eii — Eiy1iv1, > iqEi =0, Eiij1=¢e, Ej1;=Ff,
Ej=[Eij-1,E-1j], forj>i+1,
Ej = [Eii-1,Ei—1j], forj<i-—1
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Differential realisation of sl,,

The algebra sl,, has a representation on V(") the space of polynomials in
n(n —1)/2 variables (x; for 1 < j < i < n)}

1S, E. Derkachov and A. N. Manashov. “R-Matrix and Baxter Q-Operators for the
Noncompact SL(N, C) Invariant Spin Chain". In: Symmetry, Integrability and
Geometry: Methods and Applications (Dec. 2006).
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Differential realisation of sl

of polynomials in

The algebra sl,, has a representation on V(") the space
n(n —1)/2 variables (x; for 1 < j < i < n)!

-1
Eji=(ZD(p) Z")j
1 —Pn 512 @13 éln
§21 Xl 1 N —pn—1 D2z ... Doy
31 X32
X;,l X;12 X,-,’,,.,l 1 —p2 Dn—1,n
—p1

B n
and D,'J' = —8j; - Zk:j-i-l ijak,'.

!Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the Noncompact
SL(N, C) Invariant Spin Chain”
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Differential realisation of sl

The algebra sl,, has a representation on V(") the space of polynomials in
n(n —1)/2 variables (x; for 1 < j < i < n)!

Eji = (ZD(p) Z7%)y,

1 —Pn 512 @13 éln

§21 Xl 1 N —pn—1 D2z ... Doy

31 X32

X;,l X;12 e Xpon—1 1 —p2 Dn—1,n
—p1

and ﬁ,-j = —0ji — ZZ:H_I XjOki. The parameters p = (p1,...,pn) € C"
which specify the representation are constrained by > . p; = n(n —1)/2.

!Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the Noncompact
SL(N, C) Invariant Spin Chain”.
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Differential realisation of sl

The algebra sl,, has a representation on V(") the space of polynomials in
n(n —1)/2 variables (x; for 1 < j < i < n)!

Eji = (ZD(p) Z7%)y,

1 —Pn 512 @13 éln

§21 Xl 1 N —pn—1 D2z ... Doy

31 X32

X;,l X;12 e Xpon—1 1 —p2 Dn—1,n
—p1

and ﬁ,-j = —0ji — ZZ:H_I XjOki. The parameters p = (p1,...,pn) € C"
which specify the representation are constrained by > . p; = n(n —1)/2.
E.g. for n =2 we get (using m=p; — p2 + 1)

e=x(m+ Ny), f=-0x, h=m+2N,, (Nyx=x0x).

!Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the Noncompact
SL(N, C) Invariant Spin Chain”.
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Differential realisation of sl,,

Some facts about V,(,") (V(") with sl,, module defined by p € C")
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Differential realisation of sl,,

Some facts about V,(,") (V(") with sl,, module defined by p € C")

@ The vector 1 € V,(,") satisfies Ejj.1 = 0 for lower triangular elements
(i >J), and h;.1 = m;.1 where

m; = (Pn—i_pn+1—i+]-)a (i:].,...,n—l)
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Differential realisation of sl,,

Some facts about V,(,") (V(") with sl,, module defined by p € C")

@ The vector 1 € V,(,") satisfies Ejj.1 = 0 for lower triangular elements
(i >J), and h;.1 = m;.1 where

m; = (pn_i—pn+1_i+1), (i:].,...,n—l)

@ If none of the eigenvalues m; are negative integers U(sl,).1 = V(")
irreducible. Otherwise, V,(,") is reducible.
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Differential realisation of sl

Some facts about V,(,") (V(") with sl,, module defined by p € C")

@ The vector 1 € V,(,") satisfies Ejj.1 = 0 for lower triangular elements
(i >J), and h;.1 = m;.1 where

m; = (pn_i—pn+1_i+1), (i:].,...,n—l)

@ If none of the eigenvalues m; are negative integers U(sl,).1 = V(")

irreducible. Otherwise, V,(,") is reducible.

o If mj = —n; € Z<o for all i, then V,(,n) contains a finite-dimensional
irreducible submodule which is described by the Young tableau

corresponding to the partition (¢1,4,...,¢y_1) where {; = Z;} ny.
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Differential realisation of sl,,

Goal is to solve YBE with an R-matrix R(u) € End(Vﬁ(,n) ® VS-")), which

we write graphically as
Raz(u) = 1—|—
2

B. Morris (ANU) YBE and Parameter Permutations AustMS 2021 6/31



Differential realisation of sl,,

Goal is to solve YBE with an R-matrix R(u) € End(Vﬁ(,n) ® S-")), which
we write graphically as
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Factorised L-operator for sl,

Universal sl,, L-operator L(u) = ul + e; ® E;; € End(C") @ U(sl,,).
Satisfies the abstract “RLL"-relation

Riz(u — v)L1(u)La(v) = L2(v) L1 (v)Ria(u — v) € End(C" ® C") @ U(sl,)

with the defining sl, R-matrix R = ul + P € End(C" ® C").
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Universal sl,, L-operator L(u) = ul + e; ® E;; € End(C") @ U(sl,,).
Satisfies the abstract “RLL"-relation

Riz(u — v)L1(u)La(v) = L2(v) L1 (v)Ria(u — v) € End(C" ® C") @ U(sl,)

with the defining sl, R-matrix R = ul + P € End(C" ® C").

If we evaluate the second factor of L(u) in the differential representation
V,(,") we obtain a factorised L-operator

L(u; p) = Z(ul + D(p))Z7*.
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Factorised L-operator for sl,

Universal sl,, L-operator L(u) = ul + e; ® E;; € End(C") @ U(sl,,).
Satisfies the abstract “RLL"-relation

Riz(u — v)L1(u)La(v) = L2(v) L1 (v)Ria(u — v) € End(C" ® C") @ U(sl,)

with the defining sl, R-matrix R = ul + P € End(C" @ C").
If we evaluate the second factor of L(u) in the differential representation
V,(,") we obtain a factorised L-operator

L(u; p) = Z(ul + D(p))Z7*.

Spectral parameter u and representation parameters p are absorbed into
the combinations u; := u — p; on diagonals of the central factor ul + D(p).
This is a useful parameterisation so write L(u) and ul + D(p) := D(u).
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Quantum Group U,(sl,)

The (Jimbo-Drinfeld) Quantum Group Uy (sl(,)

For a parameter g = e € C\ {0, £1}, Uq(sl,) (n > 1) is the complex
algebra generated by elements e;, f;, and the invertible k; = g" for
i=1,...,n— 1 subject to the relations:

[ki, kil =0, kiejki ' = q%iej, kifiki " = q~%if,
ki — k;
lei, ] = 05— = dilhila,

lei, el =[fi,fil=0 for|i—j|>1,
g?git1 — (9 +q Vgigirigi + gir187 =0, for gi = e, f:.

where aj; are components of the A,-type Cartan matrix.
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Quantum Group U,(sl,)

The (Jimbo-Drinfeld) Quantum Group Uy (sl(,)

For a parameter g = e € C\ {0, £1}, Uq(sl,) (n > 1) is the complex
algebra generated by elements e;, f;, and the invertible k; = g" for
i=1,...,n— 1 subject to the relations:

[ki, kil =0, kiejki ' = q%iej, kifiki " = q~%if,
ki — k;
lei, ] = 05— = dilhila,

lei, el =[fi,fil=0 for|i—j|>1,
g?git1 — (9 +q Vgigirigi + gir187 =0, for gi = e, f:.

where aj; are components of the A,-type Cartan matrix.

We will work with elements e;, f;, h;.

(We are using g-number convention [x]y = qq _; —)
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g-difference realisation of U,(sl,)

How does the story carry over?

2V. K. Dobrev, P. Truini, and L. C. Biedenharn. “Representation theory approach to
the polynomial solutions of g-difference equations: Ug(sl(3)) and beyond”. In: Journal
of Mathematical Physics 35.11 (1994), pp. 6058-6075; S. E. Derkachov et al. “lterative
Construction of Ug(sl(n+ 1)) Representations and Lax Matrix Factorisation”. In:

Letters in Mathematical Physics 85.2-3 (Sept. 2008), pp. 221-234.
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g-difference realisation of U,(sl,)

How does the story carry over?

o It is known? that Ug(sl,) has a similar representation on V(") which
can be described by the same parameters p € C". Generators of
Uq(s!,) are now realised as g-difference operators. The key
ingredients are the shift operators, and g-derivative

anU(f(. .. ,X,'j, . )) = f( . .,an,'j, e ), (NU = X,Jau)

1 gNi—gNi 1 _
! Xij q— g1 X,'J'[ U]q7 (q|—>1 Y U)

2Dobrev, Truini, and Biedenharn, “Representation theory approach to the polynomial
solutions of g-difference equations: Uq(sl(3)) and beyond”; Derkachov et al., “lterative
Construction of Ug(sl(n+ 1)) Representations and Lax Matrix Factorisation™
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g-difference realisation of U,(sl,)

How does the story carry over?

o It is known? that Ug(sl,) has a similar representation on V(") which
can be described by the same parameters p € C". Generators of
Uq(s!,) are now realised as g-difference operators. The key
ingredients are the shift operators, and g-derivative

anU(f(. .. ,X,'j, . )) = f( coy anU, e ), (NU = X,Jau)
1gMi—q N

1
D," = —_— = — N," s lim D," = 6,-- .
Iy Xj q-— q_1 Xij[ J]q (q 1 Iy J)

@ There is not a closed form expression for Ug(sl,) generators evaluated

in the representation Vé,n).

2Dobrev, Truini, and Biedenharn, “Representation theory approach to the polynomial
solutions of g-difference equations: Uq(sl(3)) and beyond”; Derkachov et al., “lterative

Construction of Ug(sl(n+ 1)) Representations and Lax Matrix Factorisation™
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g-difference realisation of U,(sl,): n=2

n =2 case: Uy(slp) has a similar on V(?) (polynomials in the single
variable x), given by

e=x[Nx+m]g, f=-Dg, h=m+2N,.

B. Morris (ANU) YBE and Parameter Permutations AustMS 2021



g-difference realisation of U,(sl,): n=2

n =2 case: Uy(slp) has a similar on V(?) (polynomials in the single
variable x), given by

e=x[Nx+m]g, f=-Dg, h=m+2N,.

@ Rational limit: as g — 1 we recover the sl rep.

e=x(Nx+m), f=-0x, h=m+2N,.
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g-difference realisation of U,(sl,): n=2

n =2 case: Uy(slp) has a similar on V(?) (polynomials in the single
variable x), given by

e=x[Nx+m]g, f=-Dg, h=m+2N,.

@ Rational limit: as g — 1 we recover the sl rep.

e=x(Nx+m), f=-0x, h=m+2N,.

o Non-uniqueness: e.g. j(_) := g(N==DNx/2 () g=(Nx=1)Nx/2

pe) = xq"“[Nx + mlq,  p(f) = =Duq ¥, j(h) = m+ 2N,

B. Morris (ANU) YBE and Parameter Permutations AustMS 2021
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Factorised L-operator: n =2

The algebra Uq(sl,) has a universal L-operator (Jimbo) given by

qU+(Eii+Ejj—1)/2Eij’

J>,
)= @ Eilu), Ejlu) = (q ) EHED2E;, >
i [u + E,',']q, =],

which has the defining RLL-relation with the defining U,(sl,) R-matrix.
Here Ejj € Uq(sly) refer to g-deformed Cartan-Weyl elements.
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Factorised L-operator: n =2

The algebra Uq(sl,) has a universal L-operator (Jimbo) given by

qU+(Eii+Ejj—1)/2Eij’

J>,
)= @ Eilu), Ejlu) = (q ) EHED2E;, >
i [u + E,',']q, =],

which has the defining RLL-relation with the defining U,(sl,) R-matrix.
Here Ejj € Uq(sly) refer to g-deformed Cartan-Weyl elements.

In n = 2 case, evaluating the L-operator in the previous representation we
obtain (u1 =u—m/2,up =u—1+ m/2)

w2+ 1+ Nyg —Dx
L(u1, 1) = < i[m +Ng [ - Nx]q>

(1 0\ [[wqqg ™t —D, 1 0
“\g"x 1 0 [1]qg™ ) \—xg* 1
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Factorised L-operator: n =2

This factorisation generalises the rational sl, factorisation in a
straightforward way3

L(uy, up) = ()1( (1)> <‘g u‘?) <_1X ?) (Rational)

(1 0\ [[wleg ™t —Dy 1 0
L(ul’uz)_<qulx 1>< 0 [t1]qq™ ) \—xq*2 1

(g-deformed)

3S. Derkachov, D. Karakhanyan, and R. Kirschner. “Yang—Baxter-operators and
parameter permutations”. In: Nuclear Physics B 785.3 (Dec. 200%), pp: 263=285.
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Factorised L-operator: n =2

This factorisation generalises the rational sl, factorisation in a
straightforward way3

L(uy, up) = ()1( (1)> <‘g u‘?) <_1X (1)> (Rational)

(1 0\ [[wleg ™t —Dy 1 0
L(ul’uz)_<qulx 1>< 0 [t1]qq™ ) \—xq*2 1

(g-deformed)
In fact this suggests a more general phenomena ...

3Derkachov, Karakhanyan, and Kirschner, "“Yang—Baxter-operators and parameter
permutations”.
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Factorised L-operator: n =2

This factorisation generalises the rational sl, factorisation in a
straightforward way3

L(uy, up) = ()1( (1)> <‘g u‘?) (_1X (1)> (Rational)

(1 0\ [[wleg ™t —Dy 1 0
Lo, uz) = (qulx 1) < 0 [t1]qq™ ) \—xq*2 1
(g-deformed)

In fact this suggests a more general phenomena ...
Recall in the rational sl, case, the factorisation L(u) = Z D(u) Z~!

1 un Dro @13 @1,1
xo1 1 1 up—1 Doz ... Dap
X31 X32 ~
Z — s D(u) =
X,.,l X;g X,,7n._1 1 up Dp_1n
up

3Derkachov, Karakhanyan, and Kirschner, "“Yang—Baxter-operators and parameter
permutations”.
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Factorised L-operator

Can we obtain a factorised Uq(sl,) L-operator from the sl, expression in a
similar manner?
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Factorised L-operator

Can we obtain a factorised Uq(sl,) L-operator from the sl, expression in a
similar manner? l.e. looking for a factorised L-operator like

1
. ) xo1qt@lat 1
Lu)=2D(u) 2", Z = S - :
anq(ai)nl Xn,nflq(ai)"’nfl 1
[un]qq®11 DipgP21 D1ngPn
D(u) = : ,
[u2]qun—1,n—1 ﬁn—l,nqbn’n_l
[u1]qgPnn
h D..abi = —D..gbi — Z” D, qPiik
where now D;;q”i = iiq k=i+1 Xki Dijq”.
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Factorised L-operator: n = 3 case

Uq(s13) has a factorised L-operator L(uy, ua, u3) = ZyDZ;* of this form*

_q(u3+u2+2+N31 +N3p)/2

_ (t3+u1—1—Np1—N3p) /2
% (D21+q"31 732 x35 D31 ) q Dz

qN31*N21 [U3]q

D= 0 qN217N3271[U2]q _q(U1+U2+N21*3N31)/2D32 ’
0 0 q—N31+N32[U1]q
1 0 0
7 = q(U2*U3+N32*/V31)/2X21 1 0],
qNe1 3N —us =31 +1)/2, 0 glur—tn+Nar=No1) /25,
1 0 0
7, = q(N31—N32+U3—U2)/2X21 1 0

qu3+(N327N217u17U371)/2 q(u27u1+N21+3N31)/2X32 1

X31

*P. Valinevich et al. “Factorization of the R-matrix for the quantum algebra
Uq(s€3)". In: Journal of Mathematical Sciences 151 (2008):pp. 2848—2858.
B. Morris (ANU) YBE and Parameter Permutations AustMS 2021 14 /31



Factorised L-operator: n = 4 case

n = 4 case: We are interested in the n = 4 case because of the Lie algebra

isomorphism sl; ~ s0g. Use the previous factorisation as an ansatz for the
n =4 case.

5Dobrev, Truini, and Biedenharn, “Representation theory approach to the polynomial
solutions of g-difference equations: Ug(s((3)) and beyond".
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Factorised L-operator: n = 4 case

n = 4 case: We are interested in the n = 4 case because of the Lie algebra
isomorphism sl; ~ s0g. Use the previous factorisation as an ansatz for the
n =4 case.

To build a Ug(sls) L-operator it is enough to extract a general form for
generating elements from the matrix product and then fix g-shift factors
by imposing the Ug(sls) relations. This only requires calculating near
diagonal entries (L(u)); for |i —j| < 1.

5Dobrev, Truini, and Biedenharn, “Representation theory approach to the polynomial

solutions of g-difference equations: Ug(s((3)) and beyond".
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Factorised L-operator: n = 4 case

n = 4 case: We are interested in the n = 4 case because of the Lie algebra
isomorphism sl; ~ s0g. Use the previous factorisation as an ansatz for the
n =4 case.

To build a Ug(sls) L-operator it is enough to extract a general form for
generating elements from the matrix product and then fix g-shift factors
by imposing the Ug(sls) relations. This only requires calculating near
diagonal entries (L(u)); for |i —j| < 1.

Diagonal Cartan-Weyl elements Ej; € Ug(sl,) are obtained directly from
entries L(u);:

Eij = —ps5_; Z Nij + Z hi = Ejj — Eit1,i+1,
j=i+1

(pi = u — u;). This agrees with known result®.

5Dobrev, Truini, and Biedenharn, “Representation theory approach to the polynomial
solutions of g-difference equations: Ug(s((3)) and beyond".
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L-operator: n = 4 case

The remaining generating elements E;1; = f;, E; i1 = e; have the form

h=-Dnq%, fh=-D3q¢™ —x1D319%",
f3 = —Da3q™ — x30D42q“*? — x31 Ds1 ¢,

4 4
e = xp1 | my + Z Njp — Z Nip| g + x31D32q9%2 + xa1 Dap g™,
=2 =3 q
& = x32[ma + Nap + Nap — Naz]qq™2 + xa2Da3q™2 — x31 Do1 ¢,

d
e3 = xa3[m3 + Na3|qq®® — x41D31G%* + x40 D322,
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4 4
e = xp1 | my + Z Njp — Z Nip| g + x31D32q9%2 + xa1 Dap g™,
=2 =3 q
& = x32[ma + Nap + Nap — Naz]qq™2 + xa2Da3q™2 — x31 Do1 ¢,

d
e3 = xa3[m3 + Na3|qq®® — x41D31G%* + x40 D322,

How many relations do we need to impose?
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L-operator: n = 4 case

The remaining generating elements E;1; = f;, E; i1 = e; have the form

h=-Dnq%, fh=-D3q¢™ —x1D319%",
f3 = —Da3q™ — x30D42q“*? — x31 Ds1 ¢,

4 4
mi+ Y Np—Y Np
1=2 =3 lq

€2 = x32[ma + Nap + Nao — Ni3]qq™2 + xa2D43g%%2 — x31 D21 g%,

d d d
€1 = x21 q”" + x31 D329 + x41 Dg2q™,

d
e3 = xa3[m3 + Na3|qq®® — x41D31G%* + x40 D322,

How many relations do we need to impose?
o [hi, h] =0, [hi,&]] = ajej, [hi, ] = —ayf;. v
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L-operator: n = 4 case

The remaining generating elements E;1; = f;, E; i1 = e; have the form

h=-Dnq%, fh=-D3q¢™ —x1D319%",
f3 = —Da3q™ — x30D42q“*? — x31 Ds1 ¢,

4 4
mi+ Y Np—Y Np
1=2 =3 lq

€2 = x32[ma + Nap + Nao — Ni3]qq™2 + xa2D43g%%2 — x31 D21 g%,

d d d
€1 = x21 q”" + x31 D329 + x41 Dg2q™,

e3 = xa3[m3 + Nazlqq™ — x41 D319 + x42 D329
How many relations do we need to impose?
o [hi,hj] =0, [hi,¢]] = aje;, [his ] = —ayfy.
[+] [eh 6] = 5Ij[hl]qv [e17 e3] = [ﬁ.) f:v’] = 0 fOr ‘I —J| > 1, and CubIC

Serre-relations between e, ex11 (f2, f21). 15 relations.

B. Morris (ANU) YBE and Parameter Permutations AustMS 2021 16 /31



Factorised L-operator: n = 4 case

After fixing a solution, we should be able to solve for exponents in the
factorised ansatz by a large system of linear equations.
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After fixing a solution, we should be able to solve for exponents in the

factorised ansatz by a large system of linear equations. However, these
were found to be inconsistent.
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were found to be inconsistent.

We can write a (non-factorised) L-operator anyway with the
g-Cartan-Weyl elements.

B. Morris (ANU) YBE and Parameter Permutations AustMS 2021

17 /31
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After fixing a solution, we should be able to solve for exponents in the

factorised ansatz by a large system of linear equations. However, these
were found to be inconsistent.

We can write a (non-factorised) L-operator anyway with the
g-Cartan-Weyl elements. Here we found a new phenomena

Esp = [f3, f2]q,1 — D42q—1+N21—N32—N41 _ X21D41q—(1+N31)

+ (9 — g )x31Da1 D32q" 171,
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Factorised L-operator: n = 4 case

After fixing a solution, we should be able to solve for exponents in the
factorised ansatz by a large system of linear equations. However, these
were found to be inconsistent.

We can write a (non-factorised) L-operator anyway with the
g-Cartan-Weyl elements. Here we found a new phenomena

Esp = [f3, f2]q,1 — D42q—1+N21—N32—N41 _ X21D41q—(1+N31)

+ (9 — g )x31Da1 D32q" 171,

This affects the factorisation L(u) = Z; D(u) Z;*

1 0 0 0 1 0 0 0

7. — x1q%21 1 0 0 X171 —(q—q )xs1D3pg?321 1 0 0
1= | xa1g%t x;pg2 1 0 | x319731 x32q°2 1 0
x419741 x42q%42 x43G743 1 X41q%41 Xa2q742 x43q743 1

with a similar modification of the 3,2 entry of 2.
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YBE and Parameter permutations

So far we have solved a YBE of the form

Riz(u — v)Ly(u)Lo(v) = Lap(v)Ly(u)Riz(u — v) € End(C" @ C" @ V)
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YBE and Parameter permutations

So far we have solved a YBE of the form

Riz(u — v)Ly(u)Lo(v) = Lap(v)Ly(u)Riz(u — v) € End(C" @ C" @ V)

or in graphical form:
Rup(u) = 1«*} L(u) = <|>
u u
2

Goal: Find R-matrix Rip(u) = 1_1_ € End(V,(,") ® V&"))
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YBE and Parameter permutations

In the “check” formalism R12(u) = P o Ria(u) should solve the defining
relation:

7%12(U — V)Ll(U)LQ(V) = Ll(V)Lz(U)ﬁlz(u — V)7 (*)

(w)i=ui=u—pj vi=v—m).
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YBE and Parameter permutations

In the “check” formalism R12(u) = P o Ria(u) should solve the defining
relation:

7%12(U — V)Ll(U)LQ(V) = Ll(V)Lz(U)ﬁlz(u — V)7 (*)

((u); = u; = u—p;, vi = v — 7). Ri2(u) commutes with the product
LiLy by performing (u,v) — (v,u) € Perm(u,v) ~ Sy,.
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YBE and Parameter permutations

In the “check” formalism R12(u) = P o Ria(u) should solve the defining
relation:

7%,12(U — V)Ll(U)LQ(V) = L1(V)L2(U)7§,12(U — V)7 (*)

((u); = u; = u—p;, vi = v — 7). Ri2(u) commutes with the product
LiLy by performing (u,v) — (v,u) € Perm(u,v) ~ Sy,.
Therefore, we can find a factorised solution of () by finding 2n — 1
“transpostion operators” S; € End(V‘(,") ® V,(-n)) which solve the simpler
relations:

S,-(u)ng(u, V) == L12(s,-(u, v))S,-(u),

where s; = (i,i+1) € Spp for 1 <i<2n—1.
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YBE and Parameter permutations

In fact it can be simplified further:

®Derkachov, Karakhanyan, and Kirschner, “Yang—Baxter-operators and parameter
permutations”; Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the
Noncompact SL(N, C) Invariant Spin Chain"; Valinevich et al., “Factorization of the
R-matrix for the quantum algebra Uq(sf3)".
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7}(UJ' - UJ'_|_1)I_(U17 ceey u,,) = L(ul, cees Uiy U1, u,,)7}(uj - Uj+1),

@ a single “exchange” operator Sy(u, — v1) € End(V, ® V1)
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YBE and Parameter permutations

In fact it can be simplified further:

e n—1 "“intertwining” operators 7; € End(V,) j=1,...,n—1

7}(UJ' - UJ'_|_1)L(U1, ceey u,,) = L(ul, cees Uiy U1, Un)7;(Uj - Uj+1),

@ a single “exchange” operator Sy(u, — v1) € End(V, ® V1)

S,,(u,, — V1)L1(U1, ey u,,)LQ(vl, ey Vn)

= Li(uv1,. .., up—1,v1)Lo(un, va, ..., va)Sn(upn — v1).

This has been solved in the sl, case (fractional calculus), and Uq(slm)
(basic hypergeometric series) for m = 2, 3.°

®Derkachov, Karakhanyan, and Kirschner, “Yang—Baxter-operators and parameter
permutations”; Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the
Noncompact SL(N, C) Invariant Spin Chain"; Valinevich et al., “Factorization of the
R-matrix for the quantum algebra Uq(sf3)".
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Ug(sls) Intertwiners

Uqy(sls) intertwiners

The Uqy(sls) intertwiners Ti(u; — ujp1)L(u) = L(sju)T (uj — ujy1) for
i =1,2,3 are given by

To-ian—i) = (M)~ Do, (@17 X)),

(1-a) oo —2a. 42
0@ = O 220 -5 D gezy (g1 <)
' n=0 ' n

(a,- =uj — Ui+1)

Where /\ — X[+]_ lq I and X 1 + X[—|—1 ; Zk i Xk i+1 (qui _ q_Nki)q'Yi_
These satisfy [A;, X,-] =0.

"Valinevich et al., *

‘Factorization of the R-matrix for the quantum algebra Uq(sf3)":
)
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These satisfy [A;, X,-] =0.

These were obtained using an approach from?:
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Ug(sls) Intertwiners

Uqy(sls) intertwiners

The Uqy(sls) intertwiners Ti(u; — ujp1)L(u) = L(sju)T (uj — ujy1) for
i =1,2,3 are given by

To—iln=i) = (M) P(q,_y(g*"17 X)), (i = uj = ujy1)
(@Y 9Z:6%) (07207, 2nn

O(Z) =T _£9) N~ G )27y <1

( )( ) (q2z; q2) rar (qg;qg)n (q ) (|q| )

where A; = xijrlL,.fo, and X; =14 xj41, Zi:urz Xf(’k’fl(q’ka — g N)gi,
These satisfy [A;, X;] = 0.

These were obtained using an approach from”: First solve the case
uj — uj+1 € N using an ansatz based on known rational expressions.

"Valinevich et al., “Factorization of the R-matrix for the-quantum algebra Uq(s¢3)":
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Ug(sls) Intertwiners

Uqy(sls) intertwiners

The Uqy(sls) intertwiners Ti(u; — ujp1)L(u) = L(sju)T (uj — ujy1) for
i =1,2,3 are given by

To-ilan—i) = (M) ¥, (@17 X3), (i = uj — ujy1)
(1-a) 7. 42 e —2a. 42
q 1q q 'q n n
o(2) = T 2T ST BTy (g < 1)

(°Z:6*) = (%)

_ 1 B o N4 Xyt (N =N} i
where A; = xi+17,.q5', and X; =1+ Xi41,i D k—iso Xkl,i (g™ — q="ki)gi.

These satisfy [A;, X;] = 0.

These were obtained using an approach from”: First solve the case
uj — uj+1 € N using an ansatz based on known rational expressions. Then
the above are obtained as appropriate non-integer generalisations.

n

"Valinevich et al., “Factorization of the R-matrix for the.quantum algebra Uq(s¢3)".
B. Morris (ANU) YBE and Parameter Permutations AustMS 2021 21/31



Exchange Operators

Exchange operator swaps parameters u, and v; between two different
L-operators.

8Derkachov, Karakhanyan, and Kirschner, "“Yang—Baxter-operators and parameter
permutations”.
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Exchange Operators

Exchange operator swaps parameters u, and v; between two different
L-operators.

Heavily reliant on factorisation of the L-operator e.g. in the Ugy(sly) case®

_ 1 0 [U2]qq_NX_1 —Dy 1 0
L(ul’uz)(q”lx 1)( 0 [t1]qq™ ) \—xq2 1)~

8Derkachov, Karakhanyan, and Kirschner, "“Yang—Baxter-operators and parameter
permutations”.
B. Morris (ANU)
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Exchange Operators

Exchange operator swaps parameters u, and v; between two different
L-operators.

8

= (o S5 ) (%)

Heavily reliant on factorisation of the L-operator e.g. in the Ugy(slp) case

8Derkachov, Karakhanyan, and Kirschner, "“Yang—Baxter-operators and parameter
permutations”.
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Exchange Operators

Exchange operator swaps parameters u, and v; between two different
L-operators.

8
= (o S5 ) (%)

= L1(U)L2(V) = Ml(Ul)ﬁlN]_(U2)M2(V1)52N2(V2)

Heavily reliant on factorisation of the L-operator e.g. in the Ugy(slp) case

permutations”.
B. Morris (ANU)
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Exchange Operators

Exchange operator swaps parameters u, and v; between two different
L-operators.

Heavily reliant on factorisation of the L-operator e.g. in the Ugy(sly) case®

= (o S5 ) (%)

= L1(U)L2(V) = Ml(Ul)ﬁlN]_(U2)M2(V1)52N2(V2)

Used to simplify defining relations for exchange operator: e.g. assuming
&> is a multiplication operator

(D1)71S2(u2 — vi) Di Ny (u2)Ma(ve) = Ny (vi)Ma(u2) DaSo(u2 — vi)(D2) ™
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Exchange Operators

Exchange operator swaps parameters u, and v; between two different
L-operators.
Heavily reliant on factorisation of the L-operator e.g. in the Ugy(sly) case®

L(ul,uz)—< b0 ) ("_7;_1 _,[V’;> (_[“2132 ‘1)) = M(u) BN(w2).

gx [uilq q

= L1(U)L2(V) = Ml(Ul)ﬁlN]_(U2)M2(V1)52N2(V2)

Used to simplify defining relations for exchange operator: e.g. assuming
&> is a multiplication operator

(D1)71S2(u2 — vi) Di Ny (u2)Ma(ve) = Ny (vi)Ma(u2) DaSo(u2 — vi)(D2) ™

In general we can isolate dependence of u, and wu; in the rightmost and

leftmost factors respectively. Not yet obtained for Uq(sls).
8Derkachov, Karakhanyan, and Kirschner, "“Yang—Baxter-operators and parameter
permutations”.
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Yang-Baxter equation

So far we have solved (at least in some cases)

7%12(U — V)LlA(u)LZ(V)
= Ly(v)Lo(t)Rz(u — v)’
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Yang-Baxter equation

So far we have solved (at least in some cases)

7%12(U — V)LlA(u)LZ(V)
= Ly(v)Lo(t)Rz(u — v)’

ﬁlg(v — W)7A€23(u — W)7A212(u —v)

~ - N N ?
= Ro3(u — v)Ri2(u — w)Ro3(v — w)
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Yang-Baxter equation

What can we say about

LHS = Ria(v — w)Roz(u — w)Raz(u — v),
RHS = Ros(u — v)Ria(u — w)Roz(v — w)?

9Derkachov, Karakhanyan, and Kirschner, “Yang—Baxter-operators and parameter
permutations”; Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the
Noncompact SL(N, C) Invariant Spin Chain".
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Yang-Baxter equation

What can we say about

LHS = Ria(v — w)Roz(u — w)Raz(u — v),
RHS = Ros(u — v)Ria(u — w)Roz(v — w)?

Repeated application of the previous RLL-relation:
(A) Li(u)Lo(v)Ls(w) = Li(w)Lz(v)Ls(u) (A)

For A = LHS, RHS.

9Derkachov, Karakhanyan, and Kirschner, “Yang—Baxter-operators and parameter
permutations”; Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the
Noncompact SL(N, C) Invariant Spin Chain".
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What can we say about

LHS = Ria(v — w)Roz(u — w)Raz(u — v),
RHS = Ros(u — v)Ria(u — w)Roz(v — w)?

Repeated application of the previous RLL-relation:
(A) Li(u)Lo(v)Ls(w) = Li(w)Lz(v)Ls(u) (A)

For A= LHS, RHS. Does this prove LHS = RHS?

9Derkachov, Karakhanyan, and Kirschner, “Yang—Baxter-operators and parameter
permutations”; Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the
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LHS = Ria(v — w)Roz(u — w)Raz(u — v),
RHS = Ros(u — v)Ria(u — w)Roz(v — w)?

Repeated application of the previous RLL-relation:
(A) Li(u)Lo(v)Ls(w) = Li(w)Lz(v)Ls(u) (A)

For A= LHS, RHS. Does this prove LHS = RHS7? Yes!

9Derkachov, Karakhanyan, and Kirschner, “Yang—Baxter-operators and parameter
permutations”; Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the
Noncompact SL(N, C) Invariant Spin Chain".
B. Morris (ANU) YBE and Parameter Permutations AustMS 2021 24 /31



Yang-Baxter equation

What can we say about
LHS = Ria(v — w)Roz(u — w)Raz(u — v),
RHS = Ras3(u — v)Ria(u — w)Roz(v — w)?
Repeated application of the previous RLL-relation:
(A) Li(u)La(v)Ls(w) = Ly(w)La(v)Ls(u) (A)

For A= LHS, RHS. Does this prove LHS = RHS7? Yes!
Claim: s; +— Sj(u, v) defines a representation of the symmetric group
Perm(u, v) (or Perm(u, v, w))°.

9Derkachov, Karakhanyan, and Kirschner, “Yang—Baxter-operators and parameter
permutations”; Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the
Noncompact SL(N, C) Invariant Spin Chain".
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Yang-Baxter equation

What can we say about

LHS = Ria(v — w)Roz(u — w)Raz(u — v),
RHS = Ros(u — v)Ria(u — w)Roz(v — w)?

Repeated application of the previous RLL-relation:
(A) Li(u)Lo(v)Ls(w) = Li(w)Lz(v)Ls(u) (A)

For A= LHS, RHS. Does this prove LHS = RHS7? Yes!
Claim: s; +— Sj(u, v) defines a representation of the symmetric group
Perm(u, v) (or Perm(u, v, w))?. More precisely:

Siy - - - SiySiy +> Sipy(Sin_y - - - Si (U, v)) ... Sip (s, (u, v))Si, (u, v), does.

9Derkachov, Karakhanyan, and Kirschner, “Yang—Baxter-operators and parameter
permutations”; Derkachov and Manashov, “R-Matrix and Baxter Q-Operators for the
Noncompact SL(N, C) Invariant Spin Chain".
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Coxeter relations for U,(sls) intertwiners

Uy(sly) intertwiners
The Uq(sls) intertwiners Ti(uj — ujy1)L(u) = L(sju)T (uj — uj41) are

(q(l—a)z; q2)

To-i(an-i) = (N)* ¥, ) (@M1 X)),  D(oy(Z) = Pz

where [Aj, X;] =0 and a; = uj — uj41.
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Uy(sly) intertwiners

The Uq(sls) intertwiners Ti(uj — ujy1)L(u) = L(sju)T (uj — uj41) are

(q(l—a)z; q2)

To-ilan-i) = (N)* ¥, )@V HiX7),  Boy(Z) = (@Z:¢%)

where [Aj, X;] =0 and a; = uj — uj41.

S4 group relations:
o s?=id = Ti(—a)Ti(a) =id v
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Coxeter relations for U,(sls) intertwiners

Uy(sly) intertwiners

The Uq(sls) intertwiners Ti(uj — ujy1)L(u) = L(sju)T (uj — uj41) are

(q(l—a)z; q2)

To-ilan-i) = (N)* ¥, )@V HiX7),  Boy(Z) = (@Z:¢%)

where [Aj, X;] =0 and a; = uj — uj41.

S4 group relations:
=id = T(~a)Ti(a
@ s153 = s351 = [T1(w),

)=
Ts(6 )] 0v
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Coxeter relations for U,(sls) intertwiners

Uy(sly) intertwiners

The Uq(sls) intertwiners Ti(uj — ujy1)L(u) = L(sju)T (uj — uj41) are

(q(l—a)z; q2)

To-ilan-i) = (N)* ¥, )@V HiX7),  Boy(Z) = (@Z:¢%)

where [Aj, X;] =0 and a; = uj — uj41.

S4 group relations:
=id = Ti(—a)Ti(a) =id v
o sis3=s351 = [Ti(«), T3(B )] 0v
o (sisit1)’ =id = Ti(B)Tir1(a + B)Ti(e) = Tir1(a)Ti(e + B) Tiva(B)

non-trivial
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Coxeter relations for U,(sls) intertwiners

E.g. The relation T5(a)T1(cv + B)T2(8) = T1(8)T2(a + B)T1(cx) reduces

to the (terminating) g-series result ©; j x = Q; «,
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Coxeter relations for U,(sls) intertwiners

E.g. The relation T5(a)T1(cv + B)T2(8) = T1(8)T2(a + B)T1(cx) reduces

to the (terminating) g-series result ©; j x = Q; «,

O f = (q —Aeth) g )J+k k(k—1+2(ati))—2ia o
s ( 2)k (92: %),
g28; g2 20, 2
|q )l— ( . '2q )ann(a—k) x 2¢1(' - )7
- 0 (q %) (9% 4?)n
“2(a ik —2a.
Qiik = ( 20+ q )i k(k 142a) 251( ; Z ' k+J (m+1)
o (9% ¢%); 2= = (0% ¢?)i—i(a?: 07);-

(q—26; q )m+l 21(i+j—m)+2(mB—lc)
(9% 9%)i1(% ¢*)m

x ®M(. ).

N—
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Summary

YBE and Parameter Permutations AustMS 2021




@ We are interested in solving the YBE in differential, or g-difference
representations of sl, or Ugy(sl,).
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@ We are interested in solving the YBE in differential, or g-difference
representations of sl, or Ugy(sl,).

e Factorised L-operators for sl,, and small rank Ug(sl,) cases
(n=2,3,4). Unresolved anomaly in the n = 4 case.
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@ We are interested in solving the YBE in differential, or g-difference
representations of sl, or Ugy(sl,).

e Factorised L-operators for sl,, and small rank Ug(sl,) cases
(n=2,3,4). Unresolved anomaly in the n = 4 case.

@ Can obtain a factorised general R-matrix R by the parameter
permutation method: Solve for elementary transposition operators
with fractional calculus in the sl, case, g-series in the U,(sl,) case.
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@ We are interested in solving the YBE in differential, or g-difference
representations of sl, or Ugy(sl,).

e Factorised L-operators for sl,, and small rank Ug(sl,) cases
(n=2,3,4). Unresolved anomaly in the n = 4 case.

@ Can obtain a factorised general R-matrix R by the parameter
permutation method: Solve for elementary transposition operators
with fractional calculus in the sl, case, g-series in the U,(sl,) case.

o Coxeter relations for the transposition operators guarantee the general
YBE, and are interesting identities in their own right.
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Thank you!
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sl, case

In the rational sl, case, we have L(u) = Z D(u) Z~1

1 un Dro @13 éln
o1 1 1 up—1 Doz ...  Dap
X: X: ~
Z — 31 X32 , D(u) _
X,-71 X;,2 Xn,n;1 1 u2 Dnljl,n
1

@ Intertwiners 7;(u;j — ujy1) are given by
Ti(ui — uir1) = (—Dn_inp1_i) ™4,
So e.g. 7-1(U1 — U2) = ((9,,_1’,,)”17”2.
e Exchange operator S,(u, — v1) is given by

Snltn — v1) = ((ZW) 7120y 1)

(yij are variables for 2nd rep.). E.g. for n = 2,3 we have

u3—vy

So(r—v1) = (x—y)27", S3(uz—v1) = (x31—y31—y32(x01—y21))
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g-deformed case

@ In general we hope to be able to use the following ansatz for
intertwiners,

n

. )n—i . — bit1,i byi

To-ilan-i) = (D)7, Dj = Dis1:q% + > xi1Dkiq".
k=it2

For a,—; € N we obtain a finite product which generalises to the ratio
of g-Pochhammers.

o For exchange operator we have e.g. n =2

So(up —wv1) = (x —y) "1, (Rational)
o (3970

82(U2 — Vl) =X

(£q1+u2—v1; qg)' (q—deformed)
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