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Overview

© Motivation
e Kadar-Martin-Yu Categories/Algebras

© Representation Theory by “Tower of Recollment”
@ Simple/standard modules
@ Semisimplicity Criteria: Generalised Roots of Unity
@ Maps by Reflection Geometry

@ Higher Dimensional “Height” Conditions?
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Overview

© Motivation
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Math. Phys.: Develop an algebraic framework to study inhomogeneous
2D-lattice models in statistical mechanics.
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Math. Phys.: Develop an algebraic framework to study inhomogeneous
2D-lattice models in statistical mechanics.

Representation Theory: We define a family of algebras
TL, = J_17n C Jo,n C Jl,n cC...C Jn_27n = Joo,n = Br,.

Temperley-Lieb and Brauer algebras are well understood and have a rich
representation theory, which are significantly different. The algebras J, ,
give the opportunity to “interpolate” between them in a discrete way.
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Overview

e Kadar-Martin-Yu Categories/Algebras
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Kadar-Martin-Yu Categories: Context

For a € K, we are going to define a discrete family of nested K-linear
subcategories of the diagrammatic Brauer category Br(a):

TL{a) = J_1(a) C Jo(@) C ... C J(a) C ... C Br(a) = Joo().

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Kadar-Martin-Yu Categories: Context

For a € K, we are going to define a discrete family of nested K-linear
subcategories of the diagrammatic Brauer category Br(a):

TL{a) = J_1(a) C Jo(@) C ... C J(a) C ... C Br(a) = Joo().
The Brauer category Br(a) has:
o N as objects.

@ Br(n, m) spanned by type (n, m) “diagrams” (pairings) with a
diagrammatic composition up to loop replacement:
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Kadar-Martin-Yu Categories: Context

For a € K, we are going to define a discrete family of nested K-linear
subcategories of the diagrammatic Brauer category Br(a):

TL{a) = J_1(a) C Jo(@) C ... C J(a) C ... C Br(a) = Joo().
The Brauer category Br(a) has:
o N as objects.

@ Br(n, m) spanned by type (n, m) “diagrams” (pairings) with a
diagrammatic composition up to loop replacement:

)
VA =a € Br(5,3)

Br(5,3) 3 /4R
/A

Br(5,5)
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Kadar-Martin-Yu Categories: Context

For a € K, we are going to define a discrete family of nested K-linear
subcategories of the diagrammatic Brauer category Br(a):

TL{a) = J_1(a) C Jo(@) C ... C J(a) C ... C Br(a) = Joo().
The Brauer category Br(a) has:
o N as objects.

@ Br(n, m) spanned by type (n, m) “diagrams” (pairings) with a
diagrammatic composition up to loop replacement:

)
VA =a € Br(5,3)

Br(5,3) 3 /4R
/A

Br(5,5)

@ ® : Br x Br — Br given by horizontal juxtaposition of diagrams.
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Kadar-Martin-Yu Categories: Context (continued)

The Temperley-Lieb (TL), TL(«) is the wide (monoidal, K-linear)
subcategory where we restrict to “crossingless diagrams”, e.g.:

U

[
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Kadar-Martin-Yu Categories: Context (continued)

The Temperley-Lieb (TL), TL(«) is the wide (monoidal, K-linear)
subcategory where we restrict to “crossingless diagrams”, e.g.:

U AR,
¢ TL(5,3), € TL(5,3)
[\ /R

Note that TL does not see much of Brauer, e.g. for TL, := TL(n, n) and
likewise Br, := Br(n, n):

dim(TL,) G 2n

dlm(Br,,) B (2n_1)|| - (n+1)| —>0, as n — 00o.
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Kadar-Martin-Yu Categories: Context (continued)

The Temperley-Lieb (TL), TL(«) is the wide (monoidal, K-linear)
subcategory where we restrict to “crossingless diagrams”, e.g.:

U AR,
¢ TL(5,3), € TL(5,3)
[\ /R

Note that TL does not see much of Brauer, e.g. for TL, := TL(n, n) and
likewise Br, := Br(n, n):

dim(TL,) G 2n

dlm(Br,,) B (2n_1)|| - (n+1)| —>0, as n — 00o.

Context summary: We have TL(«) C Br(«) diagrammatic categories
and their endomorphism algebras TL,(a) C Br,(«).
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Kadar-Martin-Yu Categories: Context (continued)

The Temperley-Lieb (TL), TL(«) is the wide (monoidal, K-linear)
subcategory where we restrict to “crossingless diagrams”, e.g.:

U AR,
¢ TL(5,3), € TL(5,3)
[\ /R

Note that TL does not see much of Brauer, e.g. for TL, := TL(n, n) and
likewise Br, := Br(n, n):

dim(TL,) G 2n

dlm(Br,,) o (2n_1)|| - (n+1)| —>0, as n— oo.

Context summary: We have TL(«) C Br(«) diagrammatic categories
and their endomorphism algebras TL,(a) C Br,(«). The TL
“crossingless” condition kills almost everything...
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Kadar-Martin-Yu Categories: Context (warning)

ACHTUNG: Diagrams represent pair partitions...
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Kadar-Martin-Yu Categories: Context (warning)

ACHTUNG: Diagrams represent pair partitions... pair partitions have
many representatives and some are better than others, e.g.:

U

[
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Kadar-Martin-Yu Categories: Context (warning)

ACHTUNG: Diagrams represent pair partitions... pair partitions have
many representatives and some are better than others, e.g.:

U

[

Diagrams are regular, i.e. no instances of:
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Kadar-Martin-Yu Categories: Context (warning)

ACHTUNG: Diagrams represent pair partitions... pair partitions have
many representatives and some are better than others, e.g.:

U

[

Diagrams are regular, i.e. no instances of:

We will pretty much always draw diagrams with minimal crossings.
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Kadar-Martin-Yu Categories: The Height Condition

U/
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Kadar-Martin-Yu Categories: The Height Condition
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Kadar-Martin-Yu Categories: The Height Condition
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Kadar-Martin-Yu Categories: The Height Condition

The height of a diagram: ht(diag.) = MaXx yiog k, e.g. above ht = 2.
x .

(it is defined to be —1 if no crossings)
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Kadar-Martin-Yu Categories: The Height Condition

The height of a diagram: ht(diag.) = MaXx yiog k, e.g. above ht = 2.
x .

(it is defined to be —1 if no crossings)
The height of a pair partition:

ht(p) = min ht(diag.) e.g. above ht <2
diag. of p
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Kadar-Martin-Yu Categories: The Height Condition

The height of a diagram: ht(diag.) = MaXx yiog k, e.g. above ht = 2.
x .

(it is defined to be —1 if no crossings)
The height of a pair partition:

ht(p) = min ht(diag.) e.g. above ht <2
diag. of p

Gadget*: Minimal crossing number diagrams are minimal height.
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Kadar-Martin-Yu Categories: The Height Condition (ctd)

Lemma (Height is non-increasing)
ht(p'#p) < max{ht(p'), ht(p)}
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Kadar-Martin-Yu Categories: The Height Condition (ctd)

Lemma (Height is non-increasing)
ht(p'#p) < max{ht(p'), ht(p)}

Proof: (p’ o p = a#'°%Psp/4ip)

% \k/ NI
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Kadar-Martin-Yu Categories

Definition (Kadar, Martin, and Yu, 2014 ; KMY Category)

For | = —1,0,1,...,00 define Jj(«) C Br(a) to be the wide, K-linear
subcategory where now, J;(n, m) is spanned by pairings with height < /.
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Kadar-Martin-Yu Categories

Definition (Kadar, Martin, and Yu, 2014 ; KMY Category)

For | = —1,0,1,...,00 define Jj(«) C Br(a) to be the wide, K-linear
subcategory where now, J;(n, m) is spanned by pairings with height < /.

Note: J; is not monoidal unless | = —1 or | = 0.
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Kadar-Martin-Yu Categories

Definition (Kadar, Martin, and Yu, 2014 ; KMY Category)

For | = —1,0,1,...,00 define Jj(«) C Br(a) to be the wide, K-linear
subcategory where now, J;(n, m) is spanned by pairings with height < /.

Note: J; is not monoidal unless | = —1 or | = 0.
Today: we study J; ,(a) = Jj, := Ji(n, n). Observe
TLn - J_]_7n C Jo,n C J17n cC...C Jn_27n - Joo,n - Brn
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Kadar-Martin-Yu Categories

Definition (Kadar, Martin, and Yu, 2014 ; KMY Category)

For | = —1,0,1,...,00 define Jj(«) C Br(a) to be the wide, K-linear
subcategory where now, J;(n, m) is spanned by pairings with height < /.

Note: J; is not monoidal unless /| = —1 or | = 0.
Today: we study J; ,(a) = Jj, := Ji(n, n). Observe
TLn - J_]_7n C J07n C J]_7n cC...C Jn_27n - Joo,n - Brn

Proposition [Alraddadi and Parker, 2024]

The KY-algebra J; ,() is generated by:

I [\ Y ) )

i J

fori=1,...,n—1,andj=1,....,min(/+1,n-1). ie. KS, C Br,

whereas KSmin(/42,n) C Jin-
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Overview

© Representation Theory by “Tower of Recollment”
@ Simple/standard modules
@ Semisimplicity Criteria: Generalised Roots of Unity
@ Maps by Reflection Geometry
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Representation Theory: Globalisation/Localisation

Use hom-spaces as bimodules:

M J(n+2,n) @y, M
G

/\

mod(J; n) mod(Jj n42)

\_/

F
J(nn+2)@y, , N ¢ N
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Representation Theory: Globalisation/Localisation

Use hom-spaces as bimodules:

M J(n+2,n) @y, M
G

/\

mod(J; n) mod(Jj n42)

\_/

F
J(nn+2)@y, , N ¢ N

Then F o G(M) = M but G o F(N) = J="2 &, N.
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Representation Theory: Globalisation/Localisation

Use hom-spaces as bimodules:

M J(n+2,n) @y, M
G

/\

mod(J; n) mod(Jj n42)

\/

F
J(nn+2)@y, , N ¢ N

Then Fo G(M) = M but Go F(N) = an”_z ®J,
inductively:
A =Nip_a UA (J,m/JEnn—z)
= /\/7,,,2 U A(K Smin(n7/+2)) = /\/7,,,2 [ {)\ = min(n, |+ 2)}7

. N. Use to label simples

= Np={Pp,A) | p=nn—=2,...,0/1, AFmin(p,/+2)}

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Representation Theory: Anatomy of mod(J; )

“head"” , arms

Seanll - ===l "~ fi===

- H |
i o 535.53.553

p=0 1 2 1+2= 3

“shouder” | IEEN - '
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Representation Theory: Anatomy of mod(

“head"” , arms

Seanll - ===l "~ fi===

s e s
LIS 0 P B F

B s
R I BRiRE

p=0 1 2 /+2:35 4

“shoulder”" SN Chand”

For each label have a standard module, constructed inductively:

Al = Sx, Alrokp) = G(A?,fzk,,\))'
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Representation Theory: Anatomy of mod(

“head"” , arms

o [ - oo - [ -

-i | .
% | o
I

B
\@fl 8- I b

p=0 1 2 /+2_3

“shouder” | IEEN - '

For each label have a standard module, constructed inductively:

Al = Sx, Alrokp) = G(A(n 2k ,\))

Encode induction/restriction rules on Rollet diagram, e.g. above.
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Representation Theory: Standard Modules

Standard modules have simple heads L, y) and determine [L(p)\) : P(p)\)].
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Representation Theory: Standard Modules

Standard modules have simple heads L, ) and determine [L(, 5) : P(p.x)]
Example: n =6 and label (4,(2,1)). Write

Si21) = CS3- 1) = C{c,1), (23) 2y}

C) is a young symmetriser s.t.: c/\ s 6 =cxn 6 CSy e =Ca.
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Representation Theory: Standard Modules

Standard modules have simple heads L, ) and determine [L(, \) : P(p »)]-
Example: n =6 and label (4,(2,1)). Write

Si21) = CS3- 1) = C{c,1), (23) 2y}

C) is a young symmetriser s.t.: c/\ s 6 =cxn 6 CSy e =Ca.
A basis for A(4 N is:

2,1

Q]
I~
JI\J
—
—
E
I~
N
=
—
Q]
I~
N
=
—
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Representation Theory: Semisimplicity

Q: When is J; , semisimple?
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Representation Theory: Semisimplicity

Q: When is J; , semisimple?

A: When standards = simples. By tower of recollment frame work [Cox
et al., 2004], enough to have no maps from “hand” to "wrist”:

/. T N
... — 2 —N— [ |
e %
) — O o
—_— oy — e
p=0 1 2 p=1+2 n—2 p=n
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Representation Theory: Semisimplicity

Q: When is J; , semisimple?

A: When standards = simples. By tower of recollment frame work [Cox
et al., 2004], enough to have no maps from “hand” to "wrist”:

/. T N
... — 2 —N— [ |
e %
) — O o
—_— oy — e
p=0 1 2 p=1+2 n—2 p=n

Reduce to looking for (Specht) submodules in Al o

n—z,
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Representation Theory: Semisimplicity

Q: When is J; , semisimple?

A: When standards = simples. By tower of recollment frame work [Cox
et al., 2004], enough to have no maps from “hand” to "wrist”:

/. T N
... — 2 —N— [ |
e %
) — O o
p=0 1 2 p=1+2 n—2 p=n

Reduce to looking for (Specht) submodules in Al o
In turn this is reduced to studying non-degeneracy of a bilinear form

Aln—22) X Dip_a,n) — Cla].
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Representation Theory: Bilinear Form

Q: When is J; , semisimple?
A: ... study non-degeneracy of A?n—Z N X A?n—Q N Cla].

(2,1
( ) (4) id4C

= ®Ca) (2,1)

=« C(271)

(4)
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Representation Theory: Bilinear Form

Q: When is J; , semisimple?
A: ... study non-degeneracy of A?n—Z N X A?n—Q N Cla].

(2,1
( ) (4) id4C

= ®Ca) (2,1)

=« C(271)

(4)

Form is symmetric and contravariant with respect to J; ,-action, i.e.

(€ yQ) = (', Q).
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Representation Theory: Bilinear Form - TL Case

s = w i gt

Gram matrix of form:

a 1 ... 0
1 « 1
Pi’(a) = [T(A(r—2,1))l
M(Ap-—2ap)=10 . "~ . o|= ((a/(z)))
— Unp-1
0O ... 0 1 «

Chebyshev recursion: P,(,i)l(oz) = aP,(,l)(a) — P,(,l_)l(a),
PN —a—1, PP =a®-2), PY=(*-a-1)(*+a-1)
3 = ) 4 = ) 4 = :

Roots: P,(,l)(a) =0ata=qg+qg tand ¢> =1 (or @ = 2cos(km/n)).
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Representation Theory: Bilinear Form - Det. Factorisation

Theorem [Morris and Martin, 2025] - Generalised Roots of Unity
Fix [, n>1+4, AF [+ 2. 3 polynomials C™(a), P{M(a) € C[q] s.t.

d
det(T(Af,z))(@) = CV(@) (PP (@),
where dy = dim(S*) and the PV satisfies the Chebyshev recursion.

Furthermore, when o € C is a root of P,(,/\)(a) we have A\ = Af , .

P (a)=0= 3

o

aa N Ll
o—o O\
N
B\-- —n— W —r— @
p=0 1 2 op=l+2 n—2

p=n
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Representation Theory: Bilinear Form - Det. Factorisation

Proof Sketch: Warm up d) =1,
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Representation Theory: Bilinear Form - Det. Factorisation

Proof Sketch: Warm up dy =1, e.g. I =1 and A = (3),(1%) and n = 13. Basis:

)

LT ST ST ST S
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Representation Theory: Bilinear Form - Det. Fact

Proof Sketch: Warm up dy =1, e.g. I =1 and A = (3),(1%) and n = 13. Basis:

T ST ST ST S
ST ST ST S

Need to compute determinant of:

a 1 € 1 ¢ 0 00 0 0O O O O O O uizb
1 a 1 1 0 € 0/0 0 0 0 O O O O uizb
e 1 a 0 1 € 1|0 0 0 O O O 0 O uisb
11 0 « 1 1 0|0 0 0 0O O O 0 O uz3b 5 head
e 01 1 o« 1 €|0 0 0 0O O O O O u24b
0 ¢ € 1 1 o« 1/0 0 0 O O O O O ussb
0 01 0 e 1 afl1 0 0O 0 O O O O uas b
0 0 0 0 0 0 T« 0 0 0 0 0 0 useb s
0 0 0000 0|1 «a 1 0 0 0 0 O ug7b
0 0 0000 0[O0 1 « 1 0 O0 O O uzgh
0 0 000 0 0[O0 0 1 «a 1 0 0 O ugg b .
0 0 0000 0[O0 0 0 1 a1 0 O ue 10b ( Al
0 0 00 00O 0/0 0 OO0 1 a 1 0 uig.11b
0 0 0000 0[O0 0 OO0 0 1 a1 11 12b
00 00 0 0 0[O0 0 0 0 0 0 1 a/ 4,536
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Representation Theory: Bilinear Form - Det. Fact

Proof Sketch: Warm up dy =1, e.g. I =1 and A = (3),(1%) and n = 13. Basis:

"I S AT
ST ST ST S5

Need to compute determinant of:

a 1 € 1 ¢ 0 00 0 0O O O O O O uizb
1 a 1 1 0 € 0/0 0 0 0 O O O O uizb
e 1 a 0 1 € 1|0 0 0 O O O 0 O uisb
11 0 a«a 1 1 0|0 0 0 0 O O O O uxzb
e 01 1 o« 1 €|0 0 0 0O O O O O u24b
0 ¢ ¢ 1 1 a« 1/0 0 0 0 0 O O O ussb
0 01 0 e 1 afl1 0 0O 0 O O O O uas b
0 0 0 0 0 © I [« 0 0 0 0 0 0O usgb
0 0 0000 0|1 « 1 0 0O O O ug7b
0 0 0000 0[O0 1 « 1 0 O0 O O uzgh
0 0 000 0 0[O0 0 1 «a 1 0 0 O uggb
0 0 0000 0[O0 0 0 1 a1 0 O ug 10b
0 0 000 0O 0[O0 O OO0 1 a 1 O uig.11b
0 0 0000 0[O0 0 OO0 0 1 a1 11 12b
000000 0[O0 0 0 0 0 0 1 a/ y,sb

)
‘

head

tail

By expanding along last row we see the determinant satisfies Chebyshev recursion in n. We

therefore, obtain the desired form: det = C(A)(a)P,(,A)(a).
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Roots of Unity

(2,1). Need to compute a determinant like:

=
o
L
g
g
o0
]
=
=
g
]
z
2
@
24}

2,eg I =1and X
0
0
€
0
€
1
«@
1
0
0
0
0
5
0
§
0
0
0
0
0
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Proof Sketch: Now dy
1
[e%
1
1
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
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()
1
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2,eg I =1and X
0
0
€
0
€
1
«@
1
0
0
0
0
5
0
§
0
0
0
0
0

i
°
1
o1
]
4
S
=
E
a
=
o]
o0

This has two Chebyshev expansions:

Proof Sketch: Now dy
1
[e%
1
1
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
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Representation Theory: Bilinear Form - Det. Factorisation

Proof Sketch: Need to
@ Show P,(,)‘)(a) = Q,(,)‘)(a). (Interesting)
@ Show P,(,i‘)(a) Q,(,;)(a) divides determinant. (Boring)
To prove 1. we show both series have the same initial conditions by a row reduction procedure...
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heory: Bilinear Form - . Factorisation

Proof Sketch: Need to
@ Show P,(,)‘)(a) = Q,(,)‘)(a). (Interesting)
@ Show P,(,IA)(a) Q,(é)(a) divides determinant. (Boring)

To prove 1. we show both series have the same initial conditions by a row reduction procedure...

€n72,)\)'

For each n > | + 4 there exists a unique Eg\") S A?n—2 ) (polynomial coefficients) such that:

uses a nice family of elements 5&'1) €A

o §E\") is non-zero for all specialisations o € C,

@ We have (in AE,"_—227)\))

- G
Eg\n) 5g\n)
i
When o € C s.t. R (o) =0, ¢V t bmodule J; ,&" ~ S, C A7 0
t Ry , &’ generates a submodule J; ;£\ ~ S\ C (n—2,7)"
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Representation Theory: Bilinear Form - Det. Factorisation

Theorem [Martin-M.,2025] - Generalised Root of Unity Criteria
Fix [, n>1+4, AF [+ 2. 3 polynomials C™(a), P{M(a) € C[q] s.t.

d
det(T(Af,z))(@) = CV(@) (PP (@),
where dy = dim(S*) and the PV satisfies the Chebyshev recursion.

Furthermore, when o € C is a root of P,(,/\)(a) we have A\ = Af , .

P (a)=0= 3

o

aa N Ll
o—o O\
N
B\-- —n— W —r— @
p=0 1 2 op=l+2 n—2

p=n
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

.
= [T o = (111D
L] L] L] L
L . L)
10 s 0 5

Figure: Roots of pX)

atk with kK = —1
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,()‘) with k=0

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
=[IIIIIT1] e = ((IIIITT1])
[ ] [ ] [ ] [ ] L ] L ]
L] L] L] L]
] [ ]
1 L L 1
-10 -5 0 5

Figure: Roots of P,()‘) with k=1

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

.
=111 11] o = (1111 11)
L] L] L] L] L] L] L]
L) L) L) L) L]
L] L] L]
1 L L 1
-10 -5 0 5

Figure: Roots of P,()‘) with k =2

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

.
=111 11] o = (1111 11)
L] L] L] L] . L] . L]
L) L] L] L] L] L]
Ld L] L] L]
1 L L 1
-10 -5 0 5

Figure: Roots of P,()‘)

M e with k=3
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
=111 11] o = (1111 11)
L] L] L] L] . . LN ] L]
L) L) L) L) L] L) L]
| I ] . L] L]
1 L L 1
-10 -5 0 5

Figure: Roots of P,()‘) with k =4

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
=[IIIIIT1] e = ((IIIITT1])
[ ] [ ] [ ] . [ ] L ] e o o [ ]
L] L . . * o L] .
p e [ ] [ ] ] L] L]
1 L L 1
-10 -5 0 5

Figure: Roots of 'Dl(i\z)l+k' with kK =5
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

.
=[IIIIIT1] e = ((IIIITT1])
[ ] [ ] [ ] . @ . [ ] e &0 [ ]
L] . e @ . L] LN L] .
X ] ] ] L] LN} L]
1 L L 1
-10 -5 0 5

Figure: Roots of P,()‘) with k =6

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
=[IIIIIT1] e = ((IIIITT1])
[ ] [ ] [ ] e o [ ] e & 09 [ ]
L] e o @ o e o9 L]
»e O ] L] ] LN ]
1 L L 1
-10 -5 0 5

Figure: Roots of P,()‘) with k=7

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
=111 11] o = (1111 11)
L] L] L] pe & & & 9 0 09 L]
L) poe e o o o 0 09 L] L]
pe & o o e o 09 .
1 L L 1
-10 -5 0 5

Figure: Roots of P,()‘) with kK = 8

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
=111 11] o = (1111 11)
L] L] L] pe & & & 0 00 0 L]
L) pe e o o o 9 0 09 L]
§O O 0 © O O 0 09
1 L L 1
-10 -5 0 5

Figure: Roots of P,()‘) with k =9

+4+k

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
: ) () : _
Figure: Roots of P,+4+k, with kK =10
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
: ) () : _
Figure: Roots of P,+4+k, with kK =11
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
: ) () : _
Figure: Roots of P,+4+k, with k = 12
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
: ) () : _
Figure: Roots of P,+4+k, with kK =13

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
: ) () : _
Figure: Roots of P,+4+k, with kK = 14
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
: ) () : _
Figure: Roots of P,+4+k, with k =15

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
: ) () : _
Figure: Roots of P,+4+k, with kK = 16

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
: ) () : _
Figure: Roots of P,+4+k, with k =17

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
: ) () : _
Figure: Roots of P,+4+k, with kK = 18

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
Figure: Roots of P,(L)Hk, with kK =19

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

.
=111 11] o = (1111 11)
L] L] L] LX XX} L]
L) LX) L]
LI XL
1 L L 1
-10 -5 0 5

Figure: Roots of P,(L)Hk, with kK =20

Benjamin Morris (Leeds)

Between TL & Brauer: Gen. Roots of Unity

June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

-
= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)
1o s 0 5
Figure: Roots of P,(L)Hk, with kK =21

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)T
1o s 0 5
Figure: Roots of P,(L)Hk, with k = 22

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 23

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)T
1o s 0 5
Figure: Roots of P,(L)Hk, with kK = 24

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)T
1o s 0 5
Figure: Roots of P,(L)Hk, with kK =25
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 26

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)T
1o s 0 5
Figure: Roots of P,(L)Hk, with k =27

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 28

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 29

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 30

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 31

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 32

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 33

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)T
1o s 0 5
Figure: Roots of P,(L)Hk, with kK = 34

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 35

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 36

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)T
1o s 0 5
Figure: Roots of P,(L)Hk, with kK = 37

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 38

+4+k

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

1
-10 -5 0 5

Figure: Roots of P,(’\) with k = 39

+4+k
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Rep. Theory: Generalised roots of unity

We plot roots for A/ 4+ 2 = 8 in the cases below:

= [OT1TTTT] ° = (l:l:l:l:l:l:l:l:l)T
1o s 0 5
Figure: Roots of P,(L)Hk, with k = 40

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory - Generalised Roots of Unity

Lets take a look at a series and run it backwards...
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Rep. Theory - Generalised Roots of Unity

Lets take a look at a series and run it backwards...

k Pl
-3 5a* + 3203 + o — 50 + 48
—2 6(a +2) (o + 5a — 8)
-1 (a0 —2)(a+ 1)(a + 3)(a + 8)

0 a® 4+ 100 + 503 — 88a? — 60c + 96

1 a® +10a® + 40* — 9803 — 71a? + 142 + 48

2 | (a+1)(a®+9a° — 6a* — 1020° + 2602 + 204a — 96)

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Rep. Theory - Generalised Roots of Unity

Lets take a look at a series and run it backwards...

k Pl
-3 5a* + 3203 + o — 50 + 48
—2 6(a +2) (o + 5a — 8)
-1 (a0 —2)(a+ 1)(a + 3)(a + 8)

0 a® 4+ 100 + 503 — 88a? — 60c + 96

1 a® +10a® + 40* — 9803 — 71a? + 142 + 48

2 | (a+1)(a®+9a° — 6a* — 1020° + 2602 + 204a — 96)

Coincidences?
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Rep. Theory - Generalised Roots of Unity

Lets take a look at a series and run it backwards...

k Pl
-3 5a* + 3203 + o — 50 + 48
—2 6(a +2) (o + 5a — 8)
-1 (a0 —2)(a+ 1)(a + 3)(a + 8)

0 a® 4+ 100 + 503 — 88a? — 60c + 96

1 a® +10a® + 40* — 9803 — 71a? + 142 + 48

2 | (a+1)(a®+9a° — 6a* — 1020° + 2602 + 204a — 96)

Coincidences? All data contained in the elements f/(\")...

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Representation Theory: Bilinear Form - Det. Factorisation

Computed for all A F /42 < 6 and some infinite families of A (rows,
columns and things that differ by one box).
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Representation Theory: Bilinear Form - Det. Factorisation

Computed for all A F /42 < 6 and some infinite families of A (rows,
columns and things that differ by one box).
Q: What about the constant piece of the factorisation?

Benjamin Morris (Leeds)
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Representation Theory: Bilinear Form - Det. Factorisation

Computed for all A+ /42 < 6 and some infinite families of A (rows,
columns and things that differ by one box).

Q: What about the constant piece of the factorisation?

Example: For / = 0 we have A = (2),(12), dy = 1

C@)=(a-1), CPa)=(a—-1)(a+2).

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity

June 2026



Representation Theory: Bilinear Form - Det. Factorisation

Computed for all A+ /42 < 6 and some infinite families of A (rows,
columns and things that differ by one box).

Q: What about the constant piece of the factorisation?

Example: For / = 0 we have A = (2),(12), dy = 1

C@)=(a-1), CPa)=(a—-1)(a+2).

Zeros correspond to maps “across arms” i.e. at a = —2 we have
n
Aln) 7 Blo—2,02)
m— M4 —4] —a]— 0 — M — 0 —.

<Ll

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Representation Theory: Bilinear Form - Det. Factorisation

Theorem [Martin-M.,2025] - Generalised Root of Unity Criteria
Fix [, n>1+4, AF [+ 2. 3 polynomials C™(a), P{M(a) € C[q] s.t.

det(T (8], 2 ))(0) = CW(a) (PP(a))”

Conjecture

| N\

The CY(a) have integer roots which correspond to “non-TL behaviour” .

o

. PN (a)=0= 3
/

/\
... i — A —N—>x—N
0 —D/ \ ) CcM(a)=0
\ / N N =37
\
p=0 1 2 p=1+2 n—2 p=n

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Representation Theory: Reflection Geometry

In the TL and Brauer cases maps between standard modules can be
described by reflection geometries.
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Representation Theory: Reflection Geometry

In the TL and Brauer cases maps between standard modules can be
described by reflection geometries.

For example, consider TL at o = [2],4 where [4], = 0.

Benjamin Morris (Leeds)
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Representation Theory: Reflection Geometry

In the TL and Brauer cases maps between standard modules can be
described by reflection geometries.

For example, consider TL at o = [2], where [4], = 0. First put “hand” to
“wrist” maps on the Rollet:

>~ e T
' —O0—0—0—0—0—0—0—0—0—0— ..
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Representation Theory: Reflection Geometry

In the TL and Brauer cases maps between standard modules can be
described by reflection geometries.

For example, consider TL at o = [2], where [4], = 0. First put “hand” to
“wrist” maps on the Rollet:
DN PN
h—oOo—o—o—o—o—o—o—o—xo0—6g0—...

The remaining maps can be determined by frobenius reciprocity:

P -O0-0-0—0—-0—-0-0—0—-0—0—--

Benjamin Morris (Leeds) Between TL & Brauer: Gen. Roots of Unity June 2026



Representation Theory: Reflection Geometry

In the TL and Brauer cases maps between standard modules can be
described by reflection geometries.

For example, consider TL at o = [2], where [4], = 0. First put “hand” to
“wrist” maps on the Rollet:

>~ e T
\—O0—O0-0—-0—0—0-0—-0-—-0—0— -

The remaining maps can be determined by frobenius reciprocity:

v ColoTaooSoSo<ooo-o-o—..

The Block structure can be realised by the action of affine reflections on
the Rollet graph! (In this case it is 1D)

Benjamin Morris (Leeds)

Between TL & Brauer: Gen. Roots of Unity

June 2026



Rep. Theory: Reflection Geometry beyond TL?

Let’s consider / = 0. We have Pf) = a(a® + a—4) =0 - we take a such
that (a® 4+ a — 4) = 0:
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Rep. Theory: Reflection Geometry beyond TL?

Let’s consider / = 0. We have Pf) = a(a® + a—4) =0 - we take a such
that (a® 4+ a — 4) = 0:
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Rep. Theory: Reflection Geometry beyond TL?

Let’s consider / = 0. We have Pf) = a(a® + a—4) =0 - we take a such
that (a® 4+ a — 4) = 0:

T Hs EL Es Hz

Let's slow it down...

—H—H—H—H Ok — s — (T — (s — [ — (T — (T — [Ty — ...
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Rep. Theory: Reflection Geometry beyond TL?

Let’s consider / = 0. We have Pf) = a(a® + a—4) =0 - we take a such
that (a® 4+ a — 4) = 0:

755 EL Es Hz

Let's slow it down...

753752 -*E\:b*-*l:\:‘s*l:\jefli\j7*l:\jsf]]]g—...
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Rep. Theory: Reflection Geometry beyond TL?

Let’s consider / = 0. We have Pf) = a(a® + a—4) =0 - we take a such
that (a® 4+ a — 4) = 0:
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Rep. Theory: Reflection Geometry beyond TL?

Let’s consider / = 0. We have Pf) = a(a® + a—4) =0 - we take a such
that (a® 4+ a — 4) = 0:
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Rep. Theory: Reflection Geometry beyond TL?

Let's again consider /| = 0. When o = 1 we have:
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Overview

@ Higher Dimensional “Height” Conditions?
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Higher Dimensional “Height” Conditions

IDEA: Study nested cobordism categories 1-dimension up, defined by

higher “height” conditions, i.e. topological restrictions on where
embedded surfaces can intersect. e.g.

Benjamin Morris (Leeds)
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DANKE SCHON!

Questions?
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