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1 Missing calculation from Appendix

Let us now show that R given by

R =

e−1∑
i,j,k=0

ci,j,kE
kKi ⊗ F kKj , ci,j,k =

1

e

(q − q−1)k

[k]q!
qk(k−1)/2+2k(i−j)−2ij (1.1)

satisfies the relations (id⊗∆)(R) = R13R12. First let us note the following identities

[n]q =
qn − q−n

q − q−1
= q±(1−n)

(
q±2n − 1

q±2 − 1

)
= q±(1−n)JnKq±2 (1.2)

[n]q! = [1]q[2]q . . . [n]q = q∓(
∑n−1

k=1 k)JnKq±2 ! = q∓k(k−1)/2JnKq±2 !

ci,j,k

s
k
l

{
q−2

= ci,j,k
[k]q!

[l]q![k − l]q!
q−k(k−1)/2ql(l−1)/2q(k−l)((k−l)−1)/2

=
1

e

(q − q−1)k

[l]q![k − l]q!
q2k(i−j)−2ijql(l−1)/2q(k−l)((k−l)−1)/2

= e

(
1

e

(q − q−1)l

[l]q!
ql(l−1)/2+2l(i−j)−2ij

)(
1

e

(q − q−1)k−l

[k − l]q!
q(k−l)(k−l−1)/2+2(k−l)(i−j)−2ij

)
q2ij

= eci,j,lci,j,k−lq
2ij (1.3)

ci,j,k = ci+l,j,kq
−2kl+2lj ci,j,k = ci,j+l,kq

2l(k+i) (1.4)

Now we find,

(id⊗∆)(R) =

e−1∑
i,j,k=0

ci,j,kE
kKi ⊗∆(F )k∆(K)j

=

e−1∑
i,j,k=0

ci,j,kE
kKi ⊗ (F ⊗ 1 +K−1 ⊗ F )k(Kj ⊗Kj)

=

e−1∑
i,j,k=0

ci,j,kE
kKi ⊗

(
k∑
l=0

s
k
l

{
q−2

K−lF k−lKj ⊗ F lKj

)

=

e−1∑
i,j,k=0

ci,j,kE
kKi ⊗

(
k∑
l=0

s
k
l

{
q−2

q2l(k−l)F k−lKj−l ⊗ F lKj

)

= e

e−1∑
i,j,k=0

k∑
l=0

ci,j,lci,j,k−lq
2ij+2l(k−l)EkKi ⊗ F k−lKj−l ⊗ F lKj

= e

e−1∑
i,j,a,b=0

ci,j,bci,j,aq
2ij+2abEa+bKi ⊗ F aKj−b ⊗ F bKj , (1.5)
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where in line 3 we have used the q-binomial theorem to expand (a+ b)k =
∑k
l=0

q
k
l

y
q−2 b

lak−l for

a = F ⊗ 1, b = K−1 ⊗ F, and ab = q−2ba. (1.6)

In the second last line we expanded the term in brackets and used (1.3) and in the last line we wrote k = a+b
and let a + b freely vary over 0, 1, . . . , e − 1 since the condition a + b = k ≤ e − 1 is enforced by the term
Ea+b which is 0 whenever this is not the case. Now consider the left hand side of the desired equality. This
can be manipulated as follows

R13R12 =

e−1∑
i1,j1,k1,i2,
j2,k2=0

ci1,j1,k1ci2,j2,k2(Ek1Ki1)(Ek2Ki2)⊗ F k2Kj2 ⊗ F k1Kj1

=

e−1∑
i1,j1,k1,i2,
j2,k2=0

ci1,j1,k1ci2,j2,k2q
2i1k2Ek1+k2Ki1+i2 ⊗ F k2Kj2 ⊗ F k1Kj1

=

e−1∑
i1,j1,k1,i2,
j2,k2=0

(ci1+i2,j1,k1q
−2k1i2+2i2j1)(ci2+i1,j2,k2q

−2k2i1+2i1j2)q2i1k2×

× Ek1+k2Ki1+i2 ⊗ F k2Kj2 ⊗ F k1Kj1 (1.4)

=

e−1∑
i1,j1,k1,i2,
j2,k2=0

ci,j1,k1ci,j2,k2q
2i1j2+2i2j1−2k1i2Ek1+k2Ki ⊗ F k2Kj2 ⊗ F k1Kj1 (i = i1 + i2)

=

e−1∑
i1,j1,k1,i2,
j2,k2=0

ci,j1,k1ci,j1,k2q
2i1j2+2i2j1−2k1i2+2(j1−j2)(i+k2)Ek1+k2Ki ⊗ F k2Kj2 ⊗ F k1Kj1 (1.4)

=

e−1∑
i1,j1,k1,i2,
j2,k2=0

ci,j1,k1ci,j1,k2q
2k2(j1−j2)+i(3j1−j2−k1)+ι(j2−(j1−k1))Ek1+k2Ki ⊗ F k2Kj2 ⊗ F k1Kj1

(ι = i1 − i2)

=

e−1∑
i,j1,k1,
j2,k2=0

(
e−1∑
ι=0

qι(j2−(j1−k1))

)
ci,j1,k1ci,j1,k2q

2k2(j1−j2)+i(3j1−j2−k1)Ek1+k2Ki ⊗ F k2Kj2 ⊗ F k1Kj1 ,

(1.7)

where we have noted that summing over i1, i2 is the same as summing over i and ι (modulo e) as these
uniquely determine i1, i2 modulo e, and powers of q and K are invariant modulo e and hence the coefficients
ci,j,k are invariant for i modulo e. Now observe that

x =

e−1∑
i=0

qip ⇒ qpx =

e−1∑
i=0

q(i+1)p =

e−1∑
i=1

qip + qep = 1 +

e−1∑
i=0

q(i+1)p = x. (1.8)

This implies that x = 0 unless qp = 1 that is p = 0 mod e. If qp = 1 then it is clear that x = e. Hence we
may write x = eδ0,p mod e. In other words x multiplies by e and enforces the equality p = 0 to hold modulo
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p when summed over. Thus (1.7) becomes

R13R12 =

e−1∑
i,j1,k1,
j2,k2=0

δ0,j2−(j1−k1)ci,j1,k1ci,j1,k2q
2k2(j1−j2)+i(3j1−j2−k1)Ek1+k2Ki ⊗ F k2Kj2 ⊗ F k1Kj1

= e

e−1∑
i,j1,k1,k2=0

ci,j1,k1ci,j1,k2q
2k2(j1−(j1−k1))+i(3j1−(j1−k1)−k1)Ek1+k2Ki ⊗ F k2Kj1−k1 ⊗ F k1Kj1

= e

e−1∑
i,j1,k1,k2=0

ci,j1,k1ci,j1,k2q
2k2k1+2ij1Ek1+k2Ki ⊗ F k2Kj1−k1 ⊗ F k1Kj1 , (1.9)

where in the second line we have enforced the equality j2 = j1− k1 mod e using the delta function. Clearly
this is the same as (1.5) up to a change of label k2 ↔ a, k1 ↔ b, j1 ↔ j.
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