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The Temperley-Lieb Algebra

For a € C, the (complex) Temperley-Lieb algebra on n-strands, TL,(«),
has basis given by “non-crossing diagrams”, e.g. n=5
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The Brauer Algebra

The Brauer algebra on n-strands, Br,(«), has basis given by all pair
partitions, e.g. n =7
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The Brauer Algebra

The Brauer algebra on n-strands, Br,(«), has basis given by all pair
partitions, e.g. n =7
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Height of a Brauer Partition

Clearly, TL, C Br,.
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Clearly, TL,, C Br,. However,
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Introduce the (left)-height of a Brauer-diagram [Kadar-Martin-Yu,2019]:
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Height of a Brauer Partition

Clearly, TL,, C Br,. However,
dim(7Ly) = Cn = 2" — 0 as n— oo
dim(Br,) ~ (2n—1)!1 "~ (n+1)! ’ '

Introduce the (left)-height of a Brauer-diagram [Kadar-Martin-Yu,2019]:

ht(diag.) = max. height over all crossings (—1 if no crossings).

ht(Br. ptn) = min. height over all diagrams.
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The Kadar-Yu Algebras

Proposition [Kadar, Martin, and Yu, 2014]

Let Py, Py € Bry(«) be pair partitions, and let P,#P; denote their vertical
juxtaposition. Then ht(P#P1) < max (ht(P1), ht(P2)).
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The Kadar-Yu Algebras

Proposition [Kadar, Martin, and Yu, 2014]

Let Py, Py € Bry(«) be pair partitions, and let P,#P; denote their vertical
juxtaposition. Then ht(P#P1) < max (ht(P1), ht(P2)).

Define the Kadar-Yu (KY) algebra, J; ,(c), to be the subalgebra of Br,(«)
consisting of all pair partitions of height </ (/ = —=1,0,1,...).
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The Kadar-Yu Algebras

Observe

TL, = Jfl’n C Jo,,, C J17,, cC...C ./,,,27,7 = Joo’n = Br,
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The Kadar-Yu Algebras

Observe

TL,, = Jfl’n C Jo,,, C J17,, Cc...C ./,,,27,7 = Joo,n = Br,,

Proposition [Alraddadi and Parker, 2024]

The KY-algebra J; , are generated by the elements ¢; for 1 </ <n—-1
and s, for 1 < k <[+ 1.
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Label Set for Simples

Our aim is to determine a labelling set for the (complex) simple,
Ji n-modules, say, A ,. Consider

Ji(n, m) := C{pair partitions of type (n,m), with height </},

e.g.

S J2(6, 4)
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Label Set for Simples

Note that Ji(n —2,n) is a left J; ,_», right J; , bimodule. Thus, we may
define:

mod(J; ) - F mod(J; n—2)
M5 Ji(n—2,n) @y, M

Similarly, using Jj(n, n — 2), we can define G : mod(J; ,—2) — mod(J; ).
Note that FG = id, and GF(M) = J""? . M C M. Therefore,

Niw = Nina UA (/I )

i.e. we can inductively build A, ,, by considering the quotients J, ,,/J(" 2)
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Label Set for Simples

What is Jj.,/J"2)2

@ / = —1 (TL): One fully propagating height -1 diagram:

J_1,n/Jd

(n-2)
-1,

~C = A_gp={nn—-2,n—4,..,0/1},

@ / = oo (Brauer): Can realise any permutation:

Joon/ KD ~CS, = {Arp|peAin},

e / € N (KMY): Any word in the si,...,s/1:

|

I

€5

Joo,n/Jég;f) ~C 5min(n,l—|—2)

|l

pc /\,1’”,
= Bin {(p,)\) | A min(p, [ +2) }

Benjamin Morris (Leeds)
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Standard Modules

For each (p, \) € A p,, there is a standard module (for J; ) A(p - It has
a basis given by pairs; a half-diagram with k = (n — p)/2 cups, with height
< | paired with a basis element for the Specht-module S*:

eg. n=51=1p=3 A=(2,1):

S S S RI

(o] -

NOWS YR YR
o] e [l

/

Young-symmetriser ¢y € CS,: c§ = ¢, c/% = ¢\, CS,cy = S,
C)\(CS,,C)\ ~ (CC/\.
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Standard Modules - Bratelli/Rollet Diagrams

. Lo Res
Induction /restriction rules mod(J; ,) &= mod(J;,—1) for std
Ind

modules, encoded in Bratelli/Rollet Diagrams: e.g.
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Standard Modules - Bratelli/Rollet Diagrams

. Lo Res
Induction /restriction rules mod(J; ,) &= mod(J;,—1) for std
Ind

modules, encoded in Bratelli/Rollet Diagrams: e.g.
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Standard Modules - Bratelli/Rollet Diagrams

. Lo Res
Induction /restriction rules mod(J; ,) &= mod(J;,—1) for std
Ind

modules, encoded in Bratelli/Rollet Diagrams: e.g.
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Standard Modules - Bratelli/Rollet Diagrams

Res

Induction /restriction rules mod(J; ,) &= mod(J;,—1) for std
Ind

modules, encoded in Bratelli/Rollet Diagrams: e.g.

m — O — M — =
I=0: ¢_g/

I:|:|<IIII [I1] [I1]
| =1": g_D<H/H:| Hj Hj

I R B
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Standard Modules - Bratelli/Rollet Diagrams

. Lo Res
Induction /restriction rules mod(J; ,) &= mod(J;,—1) for std
Ind

modules, encoded in Bratelli/Rollet Diagrams: e.g.

/
11
g /D:'<EP \E:D B
[=2- D\H/ _H —H —
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Standard Modules

Can determine semi-simplicity criteria by studying certain bilinear forms on
the A(pj)\)i

(SSE @5 ol

|
Ca a2

Can find the simple heads L(, ») = A, 5)/rad((-, -)). Therefore, when
(,-) is non-degenerate, simples and standards coincide: Semi-simplicity!
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Standard Modules - Gram Matrices

Can study these forms by their matrices: eg. n=5,/=1, p=3,
A=(2,1):
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Can study these forms by their matrices: e.g. n=5,/=1, p=3,

A=(2,1):
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Standard Modules -

Can study these forms by their matrices: e.g. n=5,/=1, p=3,

A=(2,1):

OOﬁ_TOﬁTO o oo

| © = 3
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i
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Det(a) = (o — 2)%a(a + 2)(a + 4) (a* — 7a? + 3)".
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Standard Modules - Gram Matrices

Can study these forms by their matrices: e.g. n=5,1=1, p=3,
A=(2,1):
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Det(a) = (o — 2)3a(a + 2)(a + 4) (a* — 7a? + 3)2. Passing to an o/n
basis for S*, we see this has real roots [Alraddadi and Parker, 2024].
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Standard Modules - Gram Matrices

Systematic approach to computing determinants? An “easy” case:
n—n+2 I=-1,p=n

a 1 0 0 0
1 o 1 0 0
0 1 «

= AS,”“) = U,(a/2
0 0 0 | | (a/2)
oo . oo 1
0o 0 ... 0 1 «

Parametriseasa =2, = ¢+ ¢! = |A£,"+2)|: [n+ 1]4. Vanishes when
q?("*t1) =1 (or at aw = 2cos(km/(n+ 1)) for k = 1,...,n).
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Standard Modules - Gram Matrices

What about modules with k > 1 cups?

.
/
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Standard Modules - Gram Matrices

Key observation:

A(”) J
!AE:B(T)AE:,;%\ (o) - e=em ()

For generic | € N, consider the ratio:

(n)
(n) ’A(p,k)

e = [T cres(p,\) ‘A&”‘”\
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Standard Modules - Gram Matrices

4).

For / = 0, the Rollet graph labelled with V("]

(

as(a2+a—4)5 (a4+a3—5a2—a+2)6 (a—1)7a7(a3+2a2—4a—

(a=1)%(a+2)® ab(a2+a—4)° (a4 +a3—5a2—a+2)’

a—1)8(ad-2) -

ad - (1)04#
- 7
(a=2)°(a+1)° (e®—a2—3a+1) (a—1)" (a3 —4a—2)

@ 1F (a-2)(atip (@3 —0?—3a+1)

6
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Standard Modules - Gram Matrices

For / = 1, the Rollet graph labelled with v((i'jﬁ“):

)
(a+1)8(a2+3a—6)8 ag(a3+4oz2—4oc-
af(a+4)8 (a+1)9(a?2+3a
a21(a72)14(a+4)7
D a+2)7
- - 4 2 16 18,18 18
o3 _ (e=1)P(a+2)° (a*-702+3) _ (a=1)Ba’®(a+1)"
a® (a—2)1%at®(a+2)1® (a*—T7a2+3)
~
(a—2)? (a+2)M
ENCE i
T~
(a—3)3(a+1)8 (a372a274a+
(a—2)8 (a—3)%(a+1
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Standard Modules - Gram Matrices

What is going on? Conjecture:

() )

(n) ‘A(P,)\) . F;SP—HL) (Oé) (p+1,1)

o (n—1)] 11 ECINY :
HvEReS(P,A)’Av ‘ (p+1,1)ERes™ (p,)) Pl (a)

where for each partition 1 we have introduced a series of (monic)

?
polynomials, F,Sp)(a), for p > |u|—1:

deg(F{P*1)(a)) = deg(F{P)(a)) + 1
,_—A(Lp+1)(a) _ aF;(LP)(a) _ ,:F(Lp—l)(a)
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Standard Modules - Gram Matrices

Examples of the F;(L")
e = (1)F 1, we have

FOla) =1, FY(a)=a,...,FP(a) = Uy(a/2)
o 1= (2)F 2, we have

(a+2)(a+1), ale®+a—14), a*+a®—5a>+2
ala—1)(a® +20% —4a —6), a®+a®—Ta*-3a®+11a% -2

o = (21)F 3, we have

(a—2)a(a+2), a*-7a®+3, (a—1La(a+1)(a®-7)
a® —9a* + 140 — 3, a(a® - 10a* + 2207 — 10)
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Standard Modules - Gram Matrices

Roots of the F,Sp): A=(2,1)

In[66]:= NumberLinePlot[{a /. NSolve[F21[4, a] =@, a], o /. NSolve[ChebyshevU[1l, a/2] =@, a] }]

Out[es6]= . . .

-2 -1 0 1 2

In[67]:= NumberLinePlot[{a /. NSolve[F21[1@, o] == @, o], a /. NSolve[ChebyshevU[7, a /2] == ©, a]}]

out[e7]= . . . . . . . . .

-3 -2 -1 0 1 2 3

In[62]:= NumberLinePlot[{a /. NSolve[F21[20, a] = @, a], a /. NSolve[ChebyshevU[17, «/2] =@, ] }]

out[68]= . 68 8 8 8 & & & & & 8 s % eee .

-3 -2 -1 0 1 2 3

In[69]:= NumberLinePlot[{a /. NSolve[F21[50, a] = @, a], a /. NSolve[ChebyshevU[47, a /2] =0, a]}]

out[e9]= . sssssssss .

3 -2 -1 0 1 2 3
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Standard Modules - Gram Matrices

Roots of the F,Sp): A= (3)

In[70]:= NumberLinePlot[{a /. NSolve[F3[4, a] =9, a], a /. NSolve[ChebyshevU[1l, a/2] =8, al}]

out[70]= . .

4 3 2 ] 0

In[71]:= NumberLinePlot[{a /. NSolve[F3[1@, a] = @, o], a /. NSolve[ChebyshevU[7, /2] == @, a]}]

out[71]= . . s e . . . .

-5 -4 -3 -2 -1 0 1 2

In[72]:= NumberLinePlot[{oa /. NSolve[F3[20, a] =@, a], a /. NSolve[ChebyshevU[17, a /2] =@, a]}]

out[72]= . WEeS S B B 8 8 8 s 0 em

-5 -4 -3 -2 -1 0 1 2

In[72]:= NumberLinePlot[{o /. NSolve[F3[50, a] =@, «], « /. NSolve[ChebyshevU[47, a /2] =©, «]}]

out[73]= .

-4 -2 0 2
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Standard Modules - Gram Matrices

QUESTION: Suppose we have two monic polynomials fy, fi of consecutive
degree. Then consider the a family f,, generated from them by Chebyshev
recursion. Do we expect this behaviour??7?
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THANK YOU!

Questions?
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